The concept of complementarity (or quasi-orthogonality) is extended to POVM's.
Introduction
Quantum state estimation is a fundamental problem in the eld of quantum information, with applications in quantum cryptography, quantum computing, quantum control, quantum measurement theory and it can be considered as foundational issues in quantum mechanics. Only a nite number of identical copies of the unknown quantum system is available for measurements and one can consider the question of ecient estimation of the state. One side of this problem is the adequate experimental techniques, and the other side is the theory based on the adaptation of statistics to the quantum mechanical formalism. The present paper is about the use of classical statistics to the quantum mechanical formalism. There is a huge literature about the optimal positive operator valued measurements (POVMs) for a general quantum state estimation, see, for example [1, 4] . Optimality has several dierent conditions and formulations.
Most of the work in state estimation has focused on states of a qubit, pure states [6] , or mixed states [4, 15] . The estimation procedure for pure states is simpler, partially due to the smaller number of parameters. The subject of the present paper is state estimation for a n-level quantum system. In this case the boundary of the state space is not the set of pure states but the non-invertible density matrices. The accuracy of the estimation can be quantied by the average of the quadratic error matrix (where the average is with respect to the a priory measure of the possible states). When dierent estimation schemes are compared, the determinant of mean quadratic error matrix can be used, since matrices are typically not comparable by the positive semideniteness. This approach is contained also in the papers [13, 14] . It was obtained there that complementary von Neumann measurements are optimal. The same result was obtained earlier by Wootters and Fields [17] , but optimality there had a dierent formulation. In our approach the measurements are not necessarily von Neumann type. The concept of complementarity (or quasi-orthogonality) is extended to positive operator valued measurements. The main result is a rigorous proof of the fact that quasi-orthogonal POVMs are optimal when the determinant of the mean quadratic error matrix gives eciency. 
and with this inner product it is a Hilbert space itself. If dim r = n, the dimension of in B(r) that consists of self-adjoint operators and where 0 I denotes the identity.
We have
The subspace := spanf i : 1 i n 2 1g is the (n : I=n + ¡ > 0g.
A measurement is modeled by a positive operator-valued measure (POVM). This is a map from a set fa 1 ; a 2 ; : : : ; a d g of outcomes into positive operators, a i U 3 E i such that M := fE i : 1 i dg is a set of operators satisfying the conditions
The operators E i have an expansion
The vector u i = (u i1 ; u i2 ; : : : ; u i(n 2 1) ) P R 
where the i (i = 1; 2; 3) are the Pauli matrices given in (3) [15] . This operators fulll If the actual state of the quantum system is (4), then the probability of outcome a i in a measurement is given by Tr (E i ). With the expansions (4) of and (6) 
The above projections have expansions P i = I=n + u i ¡ and Q j = I=n + v j ¡ .
Condition (9) 
Condition (9) on the operators in the von Neumann measurement and condition (10) on the corresponding bases of r are equivalent, hence the mutually unbiased condition corresponds to complementarity or quasi-orthogonality [10, 12] . (ii)
2 Estimation schemes Suppose we are given an ensemble of N identical copies of a quantum system in the state , which is not known to us. The state of the ensemble is described by a density operator N := r. In this paper we consider only separate measurements M on the ensemble, i.e. all operators E i P M are of the form
This correspond to the situation when each copy of the ensemble is measured separately without any correlations between this measurements.
To estimate the state we apply the following strategy: We choose a set w := fM (1 k m). On the individual copies in kth subensemble we perform the measurement M (k) . From the data obtained in this measurements we construct a classical estimate of the measurement probabilities and from this we obtain an estimate of the generalized Bloch vector by linear inversion.
If the true state of the system has the Bloch vector , the probability of an individual outcome to appear in a particular measurement is
and
Thus the probabilities p . . . 
where (u 
Since we chose the measurement scheme to be informationally complete and we required (13) , the rows u 
Given an estimate for the classical probabilities in p from the measured data we obtain an unconstrained estimate aŝ
The terminology \unconstrained estimate" was used already in the papers, [13, 14] , the motivation comes from the fact that P is not certain. The extension of the present situation to \constrained estimate" will be the subject of a forthcoming paper.
The minimum variance unbiased estimate for the measurement probabilities is given by the relative frequencies of the measurement outcomes (see e.g. [8] ): = 2 6 4 (1) . . . . . .
where n
is the number of times an outcome appears among the outcomes of the measurement M (k) .
Given the true state , we describe the quality of an estimate by the mean quadratic error matrix
The unconstrained estimate (20) 
Here both V and W depend by (14) as well on the state as on the particular measurement scheme w.
Since the individual measurements are statistically independent, W is a block diagonal matrix where the blocks W 
If we use the relative frequencies (21) as an estimate, the matrix elements of W (k) are given by
In this paper we assume that the unknown states are distributed with respect to a prior probability measure on the state space . The main condition we impose on the measure is that it is unitarily invariant:
for any integrable functions f on and for any unitary U P U (n). We denote the average with respect to by h ¡ i. Since .
To quantify the quality of an estimation scheme we apply the average of the mean quadratic error matrix of the estimate taken over the set of possible true states with respect to the prior :
Since for two dierent measurement schemes the average mean quadratic error matrices are not necessarily comparable by positive semi-deniteness, we use, analog to [13] ,
to compare the quality of dierent measurement schemes. 3 
Optimality of quasi-orthogonal measurements
In this section we analyze the so-called unconstrained estimate and compare the estimation schemes by means of the determinant of the average mean quadratic error matrix.
If we want to compare measurement schemes with regard to quasi-orthogonality of the measurements they use, we need to restrict ourself to certain families within this is meaningful. For instance in the case of a qubit, from the viewpoint of complementarity there is no sense in comparing a measurement scheme using a single POVM, as described in Example 1.1, to a scheme where the three complementary spin observables S i = 1 = 2 i (i = 1; 2; 3) are measured. Since complementarity of two measurements is a geometric property between the subspaces their measurement operators span, we will compare schemes which dier only in the orientation of this subspaces. For this purpose let us consider unitarily conjugated measurements M In this setting we can show the following theorem for the unconstrained estimate (recall that the unconstrained estimate of a state was dened in (20) Proof. For the proof we rst show that the average mean quadratic error matrix hW i of the classical estimate is the same for both w 0 and w 1 and only the matrix T , as dened in (16), depends on the particular choice of the measurement scheme. To see this we notice, that the blocks W (k) are functions of the probabilities p 
This allows us to move the unitarily conjugation between the arguments of (30) and we get the relation
By our assumption on the measure substituting U £ k U k 3 will not change the value of the integrals of the blocks W
Thus for w 0 and w 1 the average mean quadratic error matrix hW i of the estimate of the classical probabilities is identical and we get for the average mean quadratic error matrix of: Unitary conjugation of the measurement of an observables corresponds to a change of their eigenbasis. If the measurement of n+1 observables with non-degenerate spectrum is used for the estimation, by the above result it is optimal to choose them complementary. It is known in the cases where n is a prime power that m = n + 1 complementary observables with non-degenerate spectrum exist [17] . An experimental realization of such a measurement in the case of dim r = 4 can be found in [1] . £ is not optimal among schemes using separate measurements [5] , it is of importance in state estimation for its simple experimental feasibility [7] . £ Example 4.3 A composite system of k dierent r-level systems on a Hilbert space r, dim r = r, is described by the algebra
If r is assumed to be a prime power, there exist r + 1 complementary observables A i (1 i r + 1) on B(r). If the true state of the composite system is , the measurement of one of this observables on one of the subsystems, described by the subalgebra e 1 9 B(r), gives information on the reduced density 1 = Tr (1) , where Tr (1) We studied the role of complementary (or quasi-orthogonality) for state estimation schemes using separate POVMs on a nite number of identical states of a quantum system. It was assumed that the true states are distributed according to a unitarily invariant prior distribution on the state space, The main result showed that In [17] a similar result was obtained for von Neumann measurements in an asymptotic setting. In [17] the information gain in the estimation procedure was considered. This quantity is asymptotically related to the determinant of the mean quadratic error matrix of the estimate. is not known, this is another formulation of the MUB problem [12] . However, if we do not insist on projections of rank one, but arbitrary POVMs are allowed, then the existence holds for arbitrary dimension n.
